Abstract-Depolarization factors for an anisotropic ellipsoid in an anisotropic medium are defined. It is shown that conventional depolarization factors, which are valid for isotropic media, can be extended to anisotropic media by introducing the concept of "reduced ellipsoid," in which the anisotropy of the ellipsoid shape, as well as anisotropy of the medium, is taken into account.
INTRODUCTION
The solution of the classical problem of a homoge neous isotropic ellipsoid in a uniform external field in an isotropic medium is described in many textbooks and is widely used in applications (see, for example, [1] [2] [3] ; for brevity, we will refer to this case as "isotro pic"). This is primarily applied to the theory of com posites and heterogeneous media [4] , for which this solution is used in the Maxwell Garnett approxima tion [5] and the Bruggeman effective medium approx imation [6] , which are fundamental for this theory. The "second wind" in the application of this solution has come in connection with the development of nan otechnologies (in particular, nanocomposites), for which the model of homogeneous ellipsoid is widely used at present for describing metamaterials [7] and for simulating the electrodynamic characteristics of composites containing nanoparticles [8] [9] [10] [11] , includ ing carbon nanotubes and graphenes [12, 13] . The macroscopic isotropy of the composite medium is usually ensured by random orientation of anisotropic particles constituting it.
The key concepts in this solution in the isotropic case are the well known depolarization factors or geo metric factors of the ellipsoid proportional to them. 1 These factors make it possible to express explicitly the field inside an ellipsoid, as well as its polarizability ten sor, which is important for applications.
The description of the general anisotropic case (namely, anisotropic ellipsoid in a uniform external field in an anisotropic medium) is less common. Such a model appears, in particular, in the case of emission of radiation from anisotropic composite media [14, 15] , which have attracted considerable attention in recent years in connection with various promising applica tions (see, for example, [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] ). In addition, aniso tropic composites appear in all cases when anisotropic inclusions are insufficiently "randomized" in direc tions or forcedly oriented so that there exists a pre ferred direction in the composite. Taking into account the fact that heterogeneous inclusions in most com posites are anisotropic as a rule and can often be treated even as extremely anisotropic (i.e., one dimensional) in the case of nanocomposites (suffice it to mention carbon nanotubes [20, 23] as well as chains of polymer macromolecules containing double conju gate bonds in the case of conducting polymers [26, 27] or copolymers of broadband and conducting polymers [28, 29] ), we can conclude that the anisotropic case is not less abundant than the isotropic case.
In the case of anisotropic problem of the ellipsoid in a uniform external field, the explicit form of the exact solution is also known; it can easily be obtained, for example, using the results from [30] , where the general form of the effective medium approximation was proposed (see below). In [31] , this solution was expressed using the so called Eshelby tensor intro duced in [32, 33] and widely used in analysis of the problems in the theory of elasticity.
In this methodological study, we consider the rela tion between the isotropic and anisotropic cases by introducing a general definition of depolarization fac tors as well as the concept of "reduced ellipsoid," which makes it possible to express such factors in a simple form. This allows us to describe the features of the anisotropic problem without introducing the errors encountered in the literature when the geomet rical factors of the ellipsoid, defined for the isotropic problem, are unfoundedly used in the anisotropic case (see, for example, [34] [35] [36] ).
It will be shown below that the general expressions for depolarization factors can be preserved for an anisotropic medium if we replace the initial ellipsoid by the "reduced" ellipsoid depending on the anisot ropy of the medium. In the anisotropic case, the depo larization factors depend not only on the geometry of the ellipsoid, but also on the characteristics of the anisotropic medium.
In the case of a spheroid coaxial with a uniaxial anisotropic medium, the analytic expressions obtained for depolarization factors generalize the available results from the literature. In this case, the depolarization factors depend on the ratio of the square of the aspect ratio of the ellipsoid to the anisot ropy factor of the medium, which is defined as the ratio of discordant eigenvalues of the permittivity ten sor of the medium.
DEFINITION OF THE DEPOLARIZATION FACTORS OF AN ELLIPSOID IN AN ANISOTROPIC MEDIUM
To define the concept of depolarization factors for an anisotropic ellipsoid in an anisotropic medium, we can use the known solution to this problem for the uni form external field [30] . For definiteness, we consider a dielectric ellipsoid with an anisotropic permittivity, although the final result can easily be extended to the case of a conducting ellipsoid as well as analogous ellipsoids from the problems in the theory of magne tism, heat conduction, and diffusion (see, for exam ple, [4] ). To avoid cumbersome expressions, we will not use special notation for tensor and vector quanti ties, assuming that their nature is clear from the con text and omitting symbols of identity matrices for sim plicity.
Let us consider a homogeneous anisotropic ellip soid with permittivity tensor ε i , which is placed into an anisotropic medium with permittivity tensor ε 0 . Per mittivity matrices are symmetric (i.e., do not change upon transposition, ε i = , ε 0 = ) and have non negative eigenvalues. Following [30], we can easily prove that in the case of an ellipsoid in external uni form field E ∞ , field E in the ellipsoid is uniform (E = E in = const) and can be expressed in terms of the external field by the relation (1) Here, δε = ε i -ε 0 , where ε i and ε 0 are the permittivity tensors of the ellipsoid and the medium, respectively, and matrix Γ is defined by the integral over ellipsoid volume V:
is the scalar Green function of the homogeneous anisotropic medium (symbol (…) r in relation (3) indi cates the kernel of the homogeneous operator in the parentheses), |ε 0 | is the determinant of matrix ε 0 , and the product of the gradients has the meaning of the tensor product, (∇∇) ij = ∇ i ∇ j . It can be seen from expression (2) that the matrix is symmetric (i.e., does not change upon transposition:
Tensor Γ was introduced in [30] in the form of the surface integral following from Eq. (2): (4) where S is the ellipsoid surface and n is the unit vector of the outward normal to this surface (such that nd 2 r = dS is a vector element of S).
To connect tensor Γ with conventional depolariza tion factors L j that are defined for an isotropic ellipsoid in an isotropic medium, for which ε 0 can be reduced to a scalar, we compare expression (1) with the analogous expression for the field components inside the ellip soid in the case of an isotropic medium [1, 2]:
where L is the diagonal (in the principal axes of the ellipsoid) tensor with eigenvalues L j .
It can be seen from comparison of expressions (6) and (1) that in the general case, we can define depolar ization tensor L by the relation (7) so that (8) Such a generalization preserves the symmetry of L in the case of anisotropic tensor ε 0 also, which makes it possible to define the geometrical factors as eigenval ues L. 2 For an isotropic medium, the action of tensor ε 0 can be reduced to the multiplication by a scalar, and expression (6) is simplified and assumes the form (9) In the problem under investigation, in the calcula tion of Γ (4), there are two sources of anisotropy, viz.,
